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The question of constructing a membrane theory of anisotropic shells by reducing the
three-dimensional problem of the theory of elasticity of an anisotropic body to a two-
dimensional problem of shell theory is considered, But special attention is hence turned
to those stresses which are not the subject of discussion in the classical theory of aniso-
tropic shells [1, 2], Some analytical criteria for a shell to be a membrane are proposed,

1, Let us consider a homogeneous anisotropic shell of constant thickness k, when
there is just one plane of elastic symmetry, paraliel to the shell middle surface, at each
point of the shell, It is considered that the middle surface is represented by orthogonal
curvilinear coordinates g, §§, which coincide with the lines of principal curvature of
the middle surface, The position of any point on the shell is defined by the orthogonal
coordinates o, §, vy, where the coordinate YV is rectilinear, It is also considered that
the shell remains elastic, subject during deformation to a generalized Hooke's law of the

form [1]
[ g = @110q T+ @108 + G130y T B1gTaBy €5y = QeaTay + Qs Tay

ep = @350, -+ @508 1 @330y + QagTaps  €ay — @asToy T Bs5Tav (1.1)
ey = 8130 + (30p ~+ G350y -+ Q3Tap
€xs = 10y -+ Gps05 T G3e0+ T GggTap
where ¢; are the strain components, ¢, and Ty the stress components, and @y, are elastic
constants,
Underlying the theory proposed here is the assumption that the main, from the viewpoint
of classical theory, stresses are uniformly distributed over the shell thickness, i, e,

0o =T,/ h, dg=Ty/h, Tg=S8/h (1.2)
where 7T,and S are the internal tangential forces of the shell per unit length of the
middle surface,

Taking account of (1.2), we obtain for the moments to 1 -~ &,y ~ 1 accuracy
My=0, M,=0, H=10 (1.3)
Henceforth, quantities of the order of £,y will be neglected as compared with unity
to the same accuracy, Certain care is required in discarding terms with factors contain-
ing a;, ; the fact is that in the general case the elasticity coefficients can form such
quantities as cannot, in combination with ky , be neglected as compared with unity.

2, To the accuracy assumed, the equilibrium equations of a differential element of
the body have the form
A (B(}‘a},a — ABsaG{% 4 A4 (ATQB)?S ~- AA%B Tgo + ([1121{2rav)w = 0
B (AGB),B —BAvﬁsx + B (BTm),a + BBvaraﬁ + (szleﬁY)w =0 (2-1)
(H H,0y),y — 0, ABky — 0gABky 4- (Bty)se + (Atpy)p = 0
Hy = A0 +ky), Hy, = B (1 + kyy)

Here f,, I, are Lamé€ coefficients, 4, B the coefficients of the first quadratic form,
and £ the principal curvatures of the middle surface,
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Let a shell to be loaded so that on its outer surfaces
Tw: = X-*.y r{&-\r == Y-(-x Gy == Z+, (T l[2k) (2'2)
Tyr = — X, Toy = — Y-, Gy == — z 7 = —1/ah)

Substituting values of the stresses ¢, 0g, Tys from (1.1) into the two first equilibrium
equations (2.1), and integrating with respect to vy, we obtain T,y and Tg, to the accuracy
of the integration functions which should be defined according to (2.2), Substituting the
values of T, and 1, obtained here, together with the values of 0, and Gp, into the third
equilibrium equation and integrating with respect to y,we obtain 0, and still an integra-
tion function which should also be defined according to (2.2).

Satisfying the conditions on the surfaces (2, 2) by using the values of Ty, Ty, and 0y
obtained above, we have

(BTy)ya — TyBya+ (AS)p + 84,5 = — ABX,
(AT, — ThWA g + (BS),a + SB,, = — ABY, (2.3)
lel + T«zkg = Zz “1'“‘ I/thl*
= A L X ot = 2L LY, o= PuhvP 1P (2.4)
Here ’ z )
h 7
Pl 1__2____,_ 2-, Pz—_-:;-—TSw, p3:m§k‘£22*1
1 -
Z* = AH HBX )« -+ (AY )
X, =X+—X-, Y,=Y+—-Y-, Z,=2Z+—2Z" (2.5)

Xo=X+t+ X", Yy=Y*+Y", Zy,=2"+12"

We therefore obtain the system of equations (2, 8), which differs only in the small
from the corresponding system of the ordinary theory [1, 4]

Together with (2, 3), formulas (2. 4] have been found which can be used to determine
those stresses which can, in combination with "basic™ stresses (1, 2), be nominal for shells
fabricated from moderm reinforced plastics with reduced resistivity to shear and trans~
verse rupture [5].

8, The question of determining the displacements {1, 2] is of special interest in the
membrane theory of anisotropic shells,

The relation between the strain and displacement components of any point of the shell
ua (&, B, ), ug (@, B, v), uy (&, B, y) is written as follows, to the accuracy assumed :
1

1
ey = — Uy, o + —5 A, gup -+ Ky y
4 AB €y = Uy v (3.1)

i 1
eg = F U8+ —oF B, juq + Koty

1

ey — U
for = B(Ha) T 4 “a) + B (LB)
=5 \"A ),p " A\TFE J.a

u,
According to (1,1),(1.2),(2.4) and {3.1) we can write

eva = A ( 31) +v—§—&,c
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Ty T, S
Uy, y = Q13— 1 Qg3 =~ T Qa6 —— - Qg3 (Py + 7Ps + 12 Py) (+.2)

Tntegrating (3, 2) with respect to y between the limits 0 and 7y, where we assume
Uy = w (&, B)for y = 0, we obtain

2 3
Uy =w--7 /‘113 A h + 36 5, “F‘ a33pl) + %aaape + %—a?,sps (3.3)

Here w a, ﬁ) is the normal displacement of the shell middle surface,
Furthermore, according to (1.1) and (3,1) we easily obtain, because of (2, 4) and (3.3}

4 Y 1
Af__i__u,a) :aas( -+ — Xz)—f--a“( 1 1_%}’2)—‘——:4—1{1,1....
| 2 Y

~ ; m ?3
"':j;—iyam‘?;““an h +a36“+a33plja“’ ATA aaspﬁa"‘.“asaps,a (3.9
‘f 1 X1 i 1
B{\‘g‘i‘l‘ﬁ)!“{:au( + 7= Yz)+a45< + X‘z‘)““ Y
T (g, Tt agy S P,) P a5 P
—-*—E—(a137;‘"r%37+ass—h*+asa 1 4 —')—B'aas 9,8 nB 33473, B

Integrating (3, 4) with respect to Y within the limits 0 and v, and assuming here that
ue = u {a, B), ug = v(a, B) for y = 0, we obtain for the tangential displacements
of any point of the shell

Uy = 1h — — +a ( X+ = X -+ a /——Y QY\w
a A T W 55 1 zh 2 45\ = 2)

_Ip T 043Py o — e 5P (3.5)
94 i, a SA 334 8, 124 33+ 3, a .
T , { E%]
Up =0 — -5, B+a44<““Y1T )"{“045( X1+‘._:7;“X1)"“‘

“'ﬁ;‘p 1,8 — GB R 1)3 57 @33 Ps,

Substituting the values of u,, ug , uy from (3. 5) and (3. 3), respectively, into the geo-
metric relationships (3.1) which have still not been utilized fully, we obtain

e =1 [Lx(ww Frat g 4601+ kP +

el 1 IE
- ,(-{ 5L (P — 5 m T Foe + gapm AeQe F P?j ”‘
‘%QTHL"{%}&LMF) Fhy P:’-H ™4 = 7 L1 (Py)
es = €g - [Lz (w)+‘gFQz 6t zAB B, oy ko Py *] (5:6)
rH"’L ) B/L Qz 81 s Bral'e - he—- 5 p,]
| Ly (P) - hy d st -t ‘””L(P)
LB B
eapy = O~ ¥ | 2L3 () + — (”Afl’j, Y !\%) a] B

IL (£7:%) @,—\j—r;’ﬁ AR B .
7 Ly (P) 1t - L (PY)
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where the following notation has been used

F, = . ¢ + ag,Y Qs = @Y + a4sXi (3.7)

1)1*—a13—~+aza h + s 5 h +a33P1_.T*+a33P1

S
T* = ay3—— h +a23 h + Q36 —~

as well as the known representations

g = ! — %2t AiB A g+ kw, agz%v,g-{——:}gl{au—i—kzw (3.8)
EYH R i
For the linear operators L; we have
L@=—(te), —am ALy (3.9)
L@ = —5 (5 98], — 75 Bt
Li(9) = — “g%(q,aa-—f%- A 6,0 — %B,aq,Q

On the other hand, according to (1,2), (2.4),(2. 5),(3. T, for the generalized Hooke"s
law equations needed here, we have

T Ty Z

€a = Oy~ + Qg 7 + Gyg - T ‘f“hs( ;

ko, Z: 2 Q13
+ ‘g‘éz*) -+ '1’6113‘7:‘ ST Zy*

Z h Z 72 @n
L e e — g 2

S T 21 h 23 Z*z n a3o
€ap = @gs 7~ -+ 1s 7~ + Gas +“3e(2 “f—TZz*)"f“’mseT Zy*

Ty
ea=az-—+am T sy +agq(

In the expressions presented for the strain components (see (3, 6) also), the factors for
the y of all powers can be so small in some particular cases that to the accuracy accepted
they should be neglected as compared with ¢;, @ or as compared with terms containing
Y to lower degree, However, it is impossible to say or do this in the general case, Hence,
in the subsequent discussions all the terms in the formulas for the components of the
strain tensor must be left without any modification ; however, terms having the order
k;y in obvious cases can hence be neglected as compared with unity,

Comparing the values of the strain components obtained with the corresponding repre-
sentations (3, 6), and equating coefficients of y to the zero power, we obtain (3.10)

Y h

1 T Ts ars . - *
—Ii‘“u,z"f" 'MA BU+]t120~a11 + a5 . -+ Qe +TZ1 s g e
1 Ts . Ty | S 93 . _..h_. *
—E—U 3 v——-—**-—B au—!—kngan—? ~i am*]-l—j— GQGT+'§‘—Z1 A £
4 (u LBy g S, T Ty | W’ Ty - e e g
*B‘(Tﬂ p'f"iﬂf)a"’“ee it @e b @ A e g

The equations presented are a complete system of differential equations which can
be utilized to determine the desired displacements of the problem, These equations
contain terms which appeared as a result of taking account of phenomena associated
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with the transverse deformations of the shell, The effect of these terms on the displace-
ments is probably not always perceptible; however, these terms must be left for analysis
in the general case because cases are not excluded in which taking account of the phe-
nomena related to the transverse deformations of the shell can become necessary,

Furthermore, equating coefficients of the remaining y, we obtain four groups of rela-
tionships,

First group
Ly () 4 by T* = 22 7, — agg Ly (Z) — by 2 2, — o Fra— ip A6
Ly() + haT* = 2 7oty Ly () — ko 5 Ty — 7 Qoo — 35 BooFs
2y) = 2y~ -2 (p0)  —F (), 61
Second group
Lo(T%) = — 22 L (Z) — 22— Y275 — L P — 440,
Ly(T%) = — “;3 Ly (Zy) —sz;;-‘“‘.zg-- 8 gk o Ono— g B.aFs
R N I AR

Third group
Ly (Zy) — kZ,* = 0, Ly (Zy) — kyZ,* = 0, L3y(Zy) =0 (3.13)

Fourth group
Ly (Zy*) =0, Ly (Z*) =0, L3(Z*) =0 (3.14)

Satisfying conditions (3. 11)~(3.14), we completely assure a membrane shell state,
The degree of purity of the membrane state of the shell depends on the level of accu-
racy of compliance with conditions (3, 11)~(3.14).

Examining (3, 11)—(3. 14), we note also that constraints should be imposed not only on
the shell geometry and the external loading to assure a membrane state of the shell, but
also on the mechanical characteristics of the material of the shell, More accurately,
consistent geometric, static and physical constraints should be imposed on the shell,

4, The stresses @, Op and t,4, on which the hypothetical constraints were imposed,
can be represented by using strains,
According to (2,4) and (3, 6) we obtain from (1,1)

I h
@116a ~F (1238 + Q1gTap = €1 — ‘113( 5 -+ = Zz*) +

1 1
+T[L1(w)+:EZ'F1,a+ 545 4,801+ EiPy* — ayg ?:]‘f“

i 2 ’ 1 ¥ 1 1
- T” {A"E‘Ll (Pl*) - W F2,:z + zABh BQ2 +A’ i P‘Z + (4"}‘)

22X | [ L2 — b 23t — 1 Ly (Z2)
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252+

-7 [La @) + 55 Quo g BooFa + kPt —an 2| (4.2)
o[ 1 o 1
“f‘T“[“z—Lz(pl*)'r"sz,p-{— mB,aF2+k s P, + 22 ‘”3 ]+
+ 1 | L (2) — hy - 2% | — 74;;321;2(22)

Q2508 + @130x + B2gTap = €3 — a3 (

h
AssTap - @160 + A6 == O — g ( 21 + 5 Zz*) +

+7[2L (w) + 2/; (F1)3+»2—B;4—(%>, — g iz]_{_ (4.3)
(e e (5] B §], o 5]

+ 10 F Ly (Zo) — 1* g5 Lo (Z2%)

According to (3.11)—(3, 14), and taking account of (2, 4), (2.6) and (3, 7}, we obtain
from (4.1)—(4. 3) to determine the stresses

0110 + 01508 + G14Tap = & — ay5P,
Q1200 + G908 + GgeTog = €y — Ay P 1
Q1405 1 22608 + GgeTop = © — aggP, (4.4)

Solving the system (4.4) for the stresses, we finally find (see also (3, 8) for representa~-
tions of €£;, w)
Z L |
6o == Bys€y 4 Bragy + Big» — K, {—;* + 5 —5 [(BXy).a + (AY,), 4] }

% = Buts + Buer + By — Ka {3+ 55 (BXo) o+ (AY) 41} (45)

1
Tap = Bge® + Big8y + Bagts — Ks{'zzi + = 8 7 (BX,),a + (4Y5), 133}

K, = B3 + Biyay5 + Bigase (4.6)
Byy = (830845 — a56%) Q71, Big = (819855 — @gaty4) Q1
By = (11865 — 15°) 7Y, Byy = (15016 — 0y3856) Q71
Bgg = (an@gs — a15%) Q71, By = (46895 — dy5865) Q71
Q = (a1,850 — a1,%) Qgg 1 2815014005 — 13856° — Ggpy (4.7)

Examining (4. 5), we remark that the stresses o, 03, Tyg obtained in this manner do
not vary over the shell thickness, i, e, the initial condition that the shell be in the mem-
brane state is assured,

It is seen from the means of obtaining the formulas for the stresses elucidated above,
that the conditions (3,11)~—(3,14) are sufficient to assure a membrane state of stress of
the shell,

However, conditions (3, 11)—(3.14), which assure the membrane state of the shell, can
be replaced by weakened conditions assuring the membrane state of the shell to some
approximation,

The weakened conditions can be obtained by assuming that those parts of the stresses
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04 Og, Ty, which vary over the shell thickness are negligibly small as compared with
those parts of the stresses which do not vary with thickness,

The weakened conditions for the membrane state are easily obtained from (4.1) - (4.3)
1 1
H'f [Ll(w)+ 51 Fvat 5y A s+ kP — a5 1,-%-
) 1 1 1 as: )
-+ [TLl(Px*)+ sqi Foa + WA,B()z k= Py -
T 2t | [ La(Ze) — b % | —

%_ _.._.

-7 ?Zz Ly (Z, ) [er — @y Py]™

< (kih)m[

Z2
}{ [L (UJ)+ 2B QLB—T 24B B,aﬁ ’kpl — Q3 h}+

+7® [é“Lz(Pl*)‘I_TB_;{‘ Q2,8+ mB,an%*]Ez ags Py —
023 }T'TS( 2% Ly (Zy) — /'72 aq‘ Zz }
-7t 2043:; L, (Zz*)[ les — @y Pr]7t | < | (i)™ |
HT[st(w)‘F%(%)’ﬁ‘F—q(ol/ azszhzil‘f-
1 [ Lo (P + 957 () +T§F(-‘9—Z), + e |

T 73 as.; Ls(Z) — 1 4 @33 L (Z* ) [o— a36P1] 1‘ ](kih) B (4'8)

1

12k
where m is a number characterizing the degree of the accuracy required.

5, The membrane theory of anisotropic shells under the assumption that the normal
displacement u, is independent of the coordinate 4 merits attention,
To the fundamental assumption (1,2) let us append a new assumption which is repre-
sented analytically as follows:
ey = Uyy = 0, uy = w(a, p) (6.1)
In the new formulation the static part of the problem does not undergo any changes,
i, e, the internal forces will be defined in conformity with (2, 3), and the stresses by

means of (1,2), (2.4), (4. 5). The formulas and equations for the displacements are sim-
plified considerably,

Proceeding as usual, we obtain for the tangential displacements

Uy = U —

j{ w,a—;‘/ a53< X1+ 2h 2) +_ a‘ia( Y + ’Y )/') (5‘2)
ug:U——'—T{—YU p, a44< Y ]" 2)—{-—6145(—— 1+ T X")

Furthermore, for the strain components still not utilized we obtain the following more
simplified representations

1 1 1
€y = & ‘+’TLL1(w)“:"’2zF1,1+ m‘A,BQ }+ IS [ Ih Foy ot m“l,a()gl

! 3 ! 1 " i
eg = € ’]’[112 (w) T -‘2—B— Ql, I3 "IL- m B’ aI(_ T
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+r [7;7; Qe+ TiBTz B, an]
motilnw s (5], 2 (§) ]+
+ 0 [ (), + 2 ().

Comparing (5, 2) and (5, 3) with (3. 5) and (3, 6), respectively, we note the essential
simplification in the new representations, which is that there are no longer any terms
with factors for ¢ greater than the second degree here, The coefficients of lower powers
of ¥ are also simplified somewhat,

Taking account of (1.2), (2,4)—(2.6) and (3. 7), in conformity with (1.1) and (5. 3)
we obtain three equations to determine the desired displacements and two groups of
relations, compliance with which will assure the membrane state of the shell,

The equations to determine the displacements are no different than the equations of
the general case obtained earlier, i, e, than (3.10),

However, by taking (5.1) we thereby weaken the conditions (3.11)—(3,14) somewhat,

since in place of four groups of relationships for the membrane state we here obtain two
simpler groups of relationships,

First group Zs 1
Ll(w)ZaIST—ﬂFl.a_‘zAB A 50,
Zy 1
Ly (W) = g3 7= — 55 Qr.s — "AB B, .F, (5.4)
Z 1 B/Q 1 A [F
2Ly @) =aw 5~ 5 (5] .~ 77 (),

Second group
—Fz,a+ A,Boz— — ay3Zy*
B Qa5+ '—_B oFy = — ayZ,* (5.5)
A | Fy\ Q'
B <7), Ny (7") = — 3Zy*

The weakened membrane state conditions are also simplified, where we have in place
of (4. 8)

R, T
+ Zilh vat 5igE 13/ -BQZH[SI — a3 P1? \<|(kih) |

L R I
+ ZBh Qa0 .ZABh B . F, -\}[’32 — g P17 < | ()7 (5.6)
K |2Za () *%(%),BWL () a2+

v (g (), o (5). .+ 0 S [} 0 — aaPal | < ()"
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8. As an illustration, let us consider a primitive example,
A closed circular cylindrical shell (k1= 0, ky, =1/ R, =1/R, 4 =1, B = {,
length 1) is clamped at the endfaces perpendicular to the axis of rotation so that

u=20, »7=0 {xt=0

Ti=0, S§=0 (=D (6.1
The shell is loaded so that
Xt=pa, X-=0, 2Z*=—g Z =0 Y =Y =0 (6.2)
then we obtain from (2. 4)—(2, 6) for the load terms
Xi=X,=pa, Li=2,=—q Yi=VYy=0 (6.3)
Zi* = Z,* = p, Pi1=shp — Yy, , = — Yag, Py= —op[h
Solving the system (2, 3) taking account of (6, 1)~(8. 3), we obtain for the tangential
forces Ty=1ep (B —ad), S§=0, Ty=R(fhp—0 (6.4)
By virtue of (6,2)~(6,4) we have from (1. 2), (2.4) for the stresses
6ot == 2[;1 (2 — %), GB::—};“«(—;L—-])—(]}, Tup =0 (5.5)

1 Y h q q 4
Tm=l’°‘('§"*‘7i’>' Ty =0, 57"“'(”85“1"'”2")”7‘2“"‘275“

All these stresses are evidently of nominal interest for an anisotropic shell,
Solving the system (3, 10) taking account of (6.1), (6. 3), {6.4), we obtain for the dis~
placements u (@) v(a), w{(a)

P 2 p: / h
= an g (laz—m }T—} azz'—;‘(g“P—7>a—ala '\”“‘-"g" P)a (6.6)

pP . a3 \ R/

v = as 53" Ia® ':‘r/ 4 ass y |
PR | . R 3 q h

W o= @y - gh' (l~_1~) -+ a2 i - (\“_2 p——q/}——aggR< 9 e 8 p)

Examining (6, 5) and (6, 6), we note that nominal stresses and displacements can appear
in a shell in the new membrane theory formulation, which occur due to taking account
of the phenomena associated with the transverse mechanical characteristics of the shell,

In the case under consideration, the membrane state conditions (6. 5) and (5, 5) are
written as follows in conformity with (3, 7),(3, 9)(6.2), (6.3):

—a12 ”’%fi“ -4 ass "g‘ a1y “;‘IZ- =0, as ~%’ =10, asn _Z— s ~§—— = () 6.7
assp + awp = 0, aygp == 0, aysp + @gop == 0 (6.8)

From (6, 7) and (6, 8) those values of the geometric, force and physical characteristics
of the shell for which the membrane state of the shell will be assured are easily estab-
lished,

For example, let p == 0, g 5+ 0; conditions (6, 7) and (6, 8) become

(] ) q
a5 =0, o~ =0 ags 7~ =0 (6.9}

Then in order to assure a membrane state it is sufficient that @3 = a,; = ag = 0
(the condition A — o< is not discussed for obvious reasons), In this case, from (6.6) we
obtain for the displacements
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R R R
U == — a1y qh o, v=~ags-gl;-a, w=— a9 9h {6.10)

The values of the displacements (6,10) presented here agree with the appropriate dis-
placements obtained by classical theory [1], just as it should, Assuming ay3 = a»3 =
= a3 == 0, we pointedly neglect the normal stresses ¢, while determining the displace-
ments, and in combination with the initial assumptions we accepted above; this forms
the complex of initial hypotheses of the classical theory,

Finally, let us mention that the weakened membrane state conditions (5, 6) are satis-
fied in the example discussed (p = 0, ¢ == 0) if, for example @13/ a1 <1, @y3/ any < 1,
ags / azg <1 (for m = 1).
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Questions of constructing tensor elsticity relationships within the accuracy of the Kirch-
hoff-Love hypotheses are discussed herein, It is clarified that it is impossible to conserve
simultaneously the static-geometric analogy and to assure application of theorems of
the theory of elasticity by using not too complex elasticity relationships, In this con-
nection, two modifications of the elasticity relationships in the linear theory of thin
elastic shells are proposed, The first modification retains these theorems in the linear
theory of thin elastic shells, The second modification satisfies the requirements of the
static-geometric analogy, but violates the reciprocity theorem (in the small),

Among the possible modifications of the elasticity relationships used in the linear
theory of thin elastic shells, one of the most simple ones is the modification presented
by the authors of [1] and [2]. Nevertheless, these relationships answer a number of requi-
rements to be discussed below, At the same time the authors of [3] indicated that these
relationships are not of tensor character,

In this paper we consider the construction of tensor elasticity relationships differing
slightly in the lines of curvature from relationships presented in {1] and [2}.



